Introduction
Let q be a prime power. For a positive integer n let F q and F q n denote finite fields of size q and q n , respectively. F q n forms a vector space over F q of dimension n . An element α ∈ F q n is called a normal element if the set of conjugates B := {α, α q , . . . , α q n−1 } forms a basis of F q n over F q . In this case B is called a normal basis of F q n over F q .
Normal bases are widely used in areas such as cryptography, coding theory, and signal processing. They are practical in implementing finite field arithmetic, especially in multiplication and exponentiation due to the structure of finite fields (see, for example, [4, 8, 11, 14] ). It is well known that there exists a normal basis of F q n over F q (see [9, Theorem 2.35] ). Furthermore, for some special values of q and n there exist normal bases allowing finite field arithmetic with low complexities called optimal normal bases and Gaussian normal bases; of F q ; that is,
where ζ is a primitive n th root of unity (see, for example, [9, Definition 2.44] ). Factorization of Q n (x) was given in [9, Theorem 3 .75] for the case q ≡ 1 (mod 4) and n = 2 m . The case where q is prime, q ≡ 3 (mod 4), and n = 2 m was studied in [1] and generalization of this case, i.e. for a prime power q ≡ 3 (mod 4) and n = 2 m , was done in [9, Theorem 3 .76] and [10, Theorem 1] , which gives the complete factorization of Q n .
In [6] the authors studied the relationship between cyclotomic polynomials and Dickson polynomials.
They studied the case where n = 2 m r , with r being an odd prime and q ≡ ∓1 (mod r). Hence, the complete factorization for the case n = 2 m 3 for any characteristic greater than 3 was obtained. The case n = 2 m r in which q and r are odd with gcd(q, r) = 1 was studied in [16] and complete factorization for the case n = 2 m 5 for any odd characteristic field was settled. Complete factorization for the case n = 2 m 7 for any characteristic was given in [5] . The relationship between cyclotomic polynomials Q 2 m r and Q r was given in [15] where r and q are odd. The work in [3] covers a complete factorization of Q n where n = 2 m p k , p being an odd prime such that q ≡ 1 (mod p). Lastly, in [17] , the authors studied the relationship between Q p m r and Q r , where r is odd. Furthermore, they gave a complete factorization for the cases n = 3 m , n = 3 m 5, and n = 3 m 7 . We will exploit some of these results, while the remaining can be done similarly.
Four problems concerning k -normal elements were posed in [7] . In this article we investigate one of these problems (Problem 6.1 in [7] ), given as follows:
For which values of q, n , and k can "nice" formulae (in q and n ) be obtained for the number of k -normal elements of F q n over F q ?
We give an explicit formula for the number of k -normal elements of F q n over F q for some cases, hence answering the problem above and, furthermore, for some cases we provide formulas involving solutions of some linear Diophantine equations. Our results depend on the explicit factorizations of cyclotomic polynomials.
Preliminaries
In this section we give some notations and some preliminary results that will be used throughout the paper.
We denote the set of all n th roots of unity by R(n) and the set of all primitive n th roots of unity by Ω(n) . For x, y ∈ Ω(n) , the relation ∼ defined by x ∼ y if and only if x + x −1 = y + y −1 yields an equivalence relation on Ω(n) . We denote the set of representatives of equivalence classes under this equivalence by S(n).
For a prime r , let v r (n) be the r -adic valuation of n defined as the greatest integer power of r such that r vr(n) divides n . Formally, for any positive integer n , v r (n) is defined as v r (n) = max{v ∈ N : r v | n}.
In the following sections we present the factorization of the cyclotomic polynomial Q n (x) depending on the values of v r (q − 1) for some specific r .
For h ∈ F q [x], the Euler phi function Φ q (h) gives the number of nonzero polynomials with degree smaller than the degree of h and that are relatively prime to h . If h is a nonzero constant, then it is assumed to be Φ q (h) = 1 .
A well-known characterization of normal elements over finite fields (see [9, Theorem 2 .39]) is given by the following result: Theorem 1 [9] For α ∈ F q n , {α, α q , . . . , α q n−1 } is a normal basis for F q n over F q if and only if the polynomials
As a consequence of this theorem, the notion of normal elements was extended in [7] as follows.
Definition 1 [7] Let α ∈ F q n and g α (x) :
Here we note that a normal element of F q n over F q becomes 0 -normal in this definition. Therefore, the notion of k -normality generalizes the notion of normality. The following theorem gives the number of k -normal elements of F q n over F q implicitly. It depends on the factorization of x n − 1 , which in turn depends on the factorization of cyclotomic polynomials. To the best of our knowledge it is the only general but implicit result concerning the number of k -normal elements.
Theorem 2 [7] The number of k -normal elements of F q n over F q is given by ∑
where divisors are monic and polynomial division is over F q [x] .
In this article, we give the exact number of k -normal elements of F q n over F q for some values of q and n .
Furthermore, for some other values we will reduce the formula in Theorem 2 to a sum that depends on the solution of a certain linear Diophantine equation.
Number of k -normal elements
In this section we present explicit formulas for the number of k -normal elements of F q n over F q depending on the values of n and q . In our computations we mainly use the following useful result given in [9, Theorem 2.47].
Theorem 3 [9] If gcd(q, n) = 1 , then Q n (x) factors into ϕ(n)/d distinct monic irreducible polynomials in
The main difficulty in Theorem 3 is to obtain the values of d depending on q and n . Once we obtain the values of d then one can get the number of k -normal elements of F q n over F q using Theorem 2. It is well known that x n − 1 = ∏ m|n Q m (x) , whenever char(F q ) does not divide n and one needs to find d values corresponding to each Q m as in Theorem 3.
First we present the following simple case. Assume that n = p m , where p = char(F q ). In this case
Using this simple identity we get the following result on the number of k -normal elements.
Proposition 1 Let char(F q ) = p and n = p m for some positive integer m . Then the number of k -normal elements of F q n over F q is given by
where k = 0, 1, . . . , n − 1.
Proof Since the characteristic of F q is p, equation (2) gives
Then by using Theorem 2 for 0 ≤ k ≤ n − 1 we get
2 Remark 1 To consider the general case in which gcd(q, n) ̸ = 1 we assume that n = p s · n 0 and gcd(q, n 0 ) = 1
where char (F q ) = p. Then we have x n − 1 = (x n0 − 1) p s . Therefore, one only needs to evaluate d values in Theorem 3 for n 0 and q . Combining this result with the proof of Proposition 1 one obtains the number of k -normal elements of F q n over F q .
In the following subsections we consider the values of n = 2 m , n = 3 m , n = r m for some prime r ̸ = 2, 3 and n = 2 m · r for some prime r ̸ = 2 separately and explicitly obtain the number of k -normal elements.
Case n = 2 m
Now let us consider one of the earliest results about factorization of cyclotomic polynomials. By using the following proposition we consider the extension fields of F q , where the degrees of the extensions are powers of 2. Here we note that the general form of the factors of cyclotomic polynomials in this case is presented in [6, Proposition 1] and it was obtained from the results of Theorem 3.35 and Theorem 2.47 in [9] . Proposition 2 [6, Proposition 1] Let q ≡ 1 (mod 4) be a prime power, n = 2 m for some positive integer m and L = v 2 (q − 1), i.e. L ≥ 2. Then the cyclotomic polynomial Q 2 m factorizes over F q as
Combining this result with Theorem 2, we obtain the following explicit result on the number of k -normal elements.
Theorem 4 Let q ≡ 1 (mod 4) be a prime power and n = 2 m for some positive integer m.
Then the number of k -normal elements of F q n over F q is given as follows:
Proof Let us consider the proof in two cases: L ≥ m and L < m . First assume that L ≥ m. From Proposition 2 we know the factorization of cyclotomic polynomials and hence we have
In the last step, we use the fact that R(n) = R(2 m ) = ∪ m i=0 Ω(2 i ) ; that is, the union of all primitive 2 i th ( i = 0, . . . , m ) roots of unity gives the set of all 2 m th root of unity. Therefore, we see that x n − 1 splits in F q in this case. Now assume that {ζ 1 , . . . , ζ n−k } ⊆ R(2 m ) . Then the number of k -normal elements is given as follows:
which completes the first part of the proof. Now we consider the case L < m . Again from Proposition 2 we have
Hence, the factorization of x n − 1 becomes
Now that we know the factorization of x n − 1 from (3), we can assume that a divisor h(
where the integers a i , i = 1, . . . , m − L and b comes from the the degree of h(x) , i.e.
Here we note that A ⊆ R(2 L ) and |R (2 L 
Then the Euler phi value of h(x) is evaluated as follows:
Here note that for fixed a m−L , . . . , a 1 and b, the number of monic h(x) with degree n − k is
, and for each different selection of the root of unity we obtain a different polynomial h(x) having degree n − k . Therefore, applying (4) to the formula (1) and using (5) we find the number of k -normal elements as
As an immediate consequence of Theorem 4 we have the following result on the number of 0 -normal and 1 -normal elements. Note that for each of these cases the Diophantine equation in Theorem 4 has a unique solution.
Corollary 1 Let q ≡ 1 (mod 4) be a prime power and n = 2 m for some positive integer m. Then the number of 0-normal and 1-normal elements is given as follows:
By taking the ratio we get In Table 1 we give the number of k -normal elements evaluated in Magma [2] . They are consistent with the formula of Theorem 4. and n = 2 m = 8 , and hence L = v 2 (q − 1) = 2 and m = 3 . Then from Theorem 4 we have
We can compute f (k) depending on the value of k and the solutions of the Diophantine equation given in Table 2 . 
Thus, the number of k -normal elements is as follows:
These values are consistent with the values computed with Magma given in Table 3 . For any positive integer m ≥ 2 and for each ζ ∈ Ω(2 m ) we know that ζ −1 is also in Ω(2 m ) . Now assume
. . , ζ 2 m−2 } . We will use this set Ω ′ in the Proposition 3. The complete factorization of x 2 m + 1 over F q with q ≡ 3 (mod 4) is given in [10, Theorem 1] . Using this factorization, we have the following result.
Proposition 3 [10] Let q ≡ 3 (mod 4) be a prime power, n = 2 m for some positive integer m, and L = v 2 (q + 1) , i.e. L ≥ 2 . Then the cyclotomic polynomial Q 2 m factorizes over F q as
Here we remark that the m > L case of this result comes from the proof of [ i.e. L ≥ 2, n 0 = n/2 , and k 0 = ⌊k/2⌋ . Then the number of k -normal elements of F q n over F q is given as follows:
when m ≤ L, and for m > L we have
Proof Here we omit the proof, which is very similar to the proof of Theorem 4. Note that in the proof of 
where k 0 = ⌊k/2⌋ . By counting all k -normal elements by Magma [2] we get Table 4 , which is consistent with the formula given in Theorem 5. and n = 2 m = 16 , and hence L = v 2 (q + 1) = 2 and m = 4 . Then from Theorem 5 we have
We can compute f (k) depending on the value of k . Solutions (a 2 , a, b) of the Diophantine equation 0 ≤ a 2 ≤ 2, 0 ≤ a ≤ 3, 0 ≤ b ≤ 2 , and 16 − k = 4a 2 + 2a + b are given in Table 5 . By counting all k -normal elements by Magma [2] we get Table 6 , consistent with the formula given in Theorem 5.
Case n = 3 m
Recently, the authors in [17] studied the factorization of cyclotomic polynomials for some cases. Using these results we will give an explicit formula for the number of k -normal elements. For the sake of completeness we (1,1,0) (1,0,2) (0,3,0) (0,2,2) (1,0,1) (0,2,1) (1,0,0) (0,2,0) (0,1,2) (0,1,1) (0,1,0) (0,0,2) (0,0,1) will state the result of [17] below. Let ζ be an element in some extension field of F q and define g n (ζ, x) as follows:
We use this polynomial in the following proposition.
Proposition 4 [17] For a positive integer m the factorization of cyclotomic polynomial Q 3 m (x) over F q is given as follows:
and when m > v 3 (q − 1),
If q ≡ 2 (mod 3), then when m ≤ v 3 (q + 1) ,
and when m > v 3 (q + 1) ,
Combining Proposition 4 with Theorem 2, we obtain the number of k -normal elements of F q n over F q for n = 3 m . In this case we have two results depending on the value of q (mod 3). For q ≡ 1 (mod 3)
the factorization of Q 3 m (x) in Proposition 4 is very similar to the factorization of Q 2 m (x) in Proposition 2. Furthermore, for the case q ≡ 2 (mod 3) the factorization of Q 3 m (x) in Proposition 4 is similar to the factorization of Q 2 m (x) in Proposition 3. Therefore, we state our results without the proof, which is very similar to the proof given in the previous section.
Theorem 6
Let q ≡ 1 (mod 3) and n = 3 m for some positive integer m. Then the number of k -normal elements is given by
where L = v 3 (q − 1) and the sum in the last equation is over integers a m−L , . . . ,
Before giving our next result we present some examples for the results in Theorem 6. In these examples we see that the summation given in terms of Diophantine equations is easy to compute. Results given in these examples are verified by evaluating k -normal elements in Magma [2] . 18 n−k for k = 0, 1, 2. Evaluating with Magma we find that the number of k -normal elements f (k) is given as in Table 7 , and this is consistent with the formula given in Theorem 6. 
where 0 ≤ a 1 ≤ 2, 0 ≤ b ≤ 3 , and 9 − k = 3a 1 + b. We can compute f (k) depending on the value of k and the solutions of the Diophantine equation given in Table 8 . 
The number of k -normal elements is:
These values are consistent with the values computed with Magma given in Table 9 . and 3 m = 3 6 , and hence L = v 3 (q − 1) = 3 and m = 6 . Then from Theorem 6 we have 
By a similar argument as in Corollary 1, we have the following result using Theorem 6.
Corollary 2 Let q ≡ 1 (mod 3) be a prime power and n = 3 m for some positive integer m. Then the ratio of the number of normal elements and 1-normal elements is
Again by combining Proposition 4 with Theorem 2, we obtain the number of k -normal elements of F q n over F q where q ≡ 2 (mod 3) and n = 3 m .
Theorem 7 Let q ≡ 2 (mod 3) and n = 3 m for some positive integer m . Then if v 3 (q + 1) ≥ m , the number of k -normal elements is given by 
From this formula we get the number of k -normal elements given in Table 10 .
Example 9 (Case 2) Let q = 17 and n = 3 3 . We get L = v 3 (q + 1) = 2 and m = 3 . By the second part of Theorem 7 we have
where the sum is over 0 ≤ a ≤ 4, 0 ≤ b ≤ 1 , and 0 ≤ a 1 ≤ 3, such that 9 − k = 2 · 3a 1 + 2a + b. Positive solutions (a 1 , a, b) of this Diophantine equation are given in Table 11 . 
(1,0,1) (0,3,1)
(1,0,0) (0,3,0) (0,2,1) k = 5 k = 6 k = 7 k = 8 (0,2,0) (0,1,1) (0,1,0) (0,0,1) Therefore, the number of k -normal elements is: 
Case n = p m
Proposition 4 was partially generalized by taking arbitrary odd prime p instead of 3 [17] . First we state this result for completeness and then find the number of k -normal elements in this case.
Proposition 5 [17] Given a prime power q and an odd prime p such that q ≡ 1 (mod p) , let n = p m for some positive integer m and L = v p (q − 1). Then the cyclotomic polynomial Q n (x) factorizes over F q into irreducibles as follows:
Now using Proposition 5 we can extend our Theorem 4 and Theorem 6 to arbitrary characteristics p instead of 2 and 3. We will state it without the proof, since its proof is similar to the proof of Theorem 4.
Theorem 8
Given a prime power q and an odd prime p such that q ≡ 1 (mod p) , let n = p m for some positive integer m and L = v p (q − 1). Then the number of k -normal elements of F q n over F q is given as follows: Similarly, for k = 1 , we have unique solution (a 1 , b) = (4, 4) and hence the number of 1-normal elements equals f (1) = 5(11 5 − 1) 4 10 4 .
Case n = 2 m · r
In this section we consider the number of k -normal elements of F q n over F q where n = 2 m · r for some odd prime r . In [6] , using [9, Theorem 2.47, Theorem 3.35], the general forms of the factors of the cyclotomic polynomials were given depending on the values of q ≡ ±1 mod r . Now we first present this factorization and then, combining this result, Proposition 2, and Proposition 3 with Theorem 2, we give our results.
Proposition 6 [6] Let L = v 2 (q 2 − 1). Theorem 9 Let q ≡ 1 (mod r) be a prime power and n = 2 m r for some positive integer m and an odd prime r . Assume that L 2 = v 2 (q − 1) ≥ m. Then the number of k -normal elements of F q n over F q is
Suppose
Remark 3 In Theorem 9 we only considered q ≡ 1 (mod r) and m ≤ v 2 (q − 1). In other cases due to the degrees of the factors of x n − 1 there are many cases to be considered, and hence for these cases the formulas will not be that simple, which are not included here.
Conclusion
In this paper, we give positive answers to Problem 6.1. in [7] by obtaining explicit formulas for the number of k -normal elements over finite fields under some conditions. In some cases, we show how to obtain explicit formulas requiring solutions of some linear Diophantine equations, which can be easily solved depending on values of n and k . For some special values of n and k these numbers can be evaluated explicitly.
Lastly, [13] deserves comment since it also considered the existence of k -normal elements over finite fields. The main problem considered in [13] is the existence of primitive k -normal elements over finite fields, which is not directly related to our main focus. On the other hand, [13, Section 5.2] has results that appear similar to ours. In fact, there is a little overlap, proved independently. The cases v 2 (q − 1) ≥ m in Theorem 4
and v 3 (q − 1) ≥ m in Theorem 6 were also obtained in [13, Corollary 5.7 ]. Furthermore, [13, Example 5.6 ] is equivalent to our Proposition 1.
